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Abstract 

In this note we calculate the fusion coefficients for minimal séries représenta- 
tions of the N=2 superconformai algebra by using a modifiée! Verlinde's formula, 
and obtain associative and commutative fusion algebras with non-negative in- 
tégral fusion coefficients at each level. 



0. Introduction. 

As is known well, fusion algebras are constructed associated to each level of affine 
Lie algebras or W-algebras, and the Verlinde's theorem has a crucial importance 
for explicit calculation of fusion coefficients in terms of the matrices of modular 

transformation S = Kj' G SX(2,Z). 

For superconformai algebras, however, the Verlinde's formula is not applica- 
ble immediately, since the space spanned by Ramond type characters is trans- 
formed by S into the space of Neveu-Schwarz super-characters although the 
linear span of Neveu-Schwarz characters remains stable under the action of S. 

Recently P. Minces, M. A. Namazie and C. Nûnez jï^] proposed a kind 
of modification of the Verlinde's formula to obtain fusion coefficients for N=l 
superconformai modules. In this note, we show that a similar modification works 
also for the N=2 superconformai algebra, giving associative and commutative 
fusion algebras with non-negative intégral fusion coefficients at each level. 

The author is grateful to Dr. K. Iohara for information on the paper ]Ï2] ]. 

After this work is accomplishcd, the author is informed from Prof. M. Wal- 
ton about the work [|| of W. Eholzer and R. Hubel, in which a generalization 
of Verlinde's formula and its application to the fermionic W(2, 5)-algebras are 
discussed. 
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1. Minimal séries représentations and transfor- 
mation matrices of N=2 superconformai algebra. 

The modular transformation of characters and super-characters of minimal sé- 
ries représentations of the N=2 superconformai algebra was obtained in |Ï3|] and 
its proof using the Ramanujan's mock thêta identity was provided in |^[. In this 
section, we recall characters of minimal séries représentations of the N=2 super- 
conformai algebra and the formula of their modular transformation, following 
closely the paper [|| . 

First we consider the thêta function 



oc 



f(r,z) := e^e- wiz Y[(l- q n ){l ~ e 2 " z ç"- 1 )(l - e - 27r "q n ) 

dcfincd for r G C+ := {t G C ; Imr > 0} and z E C, whcrc q = e 27rîT as usual, 
and Dedekind's 77-function 

00 

n=l 

We introduce fonctions f^(r,z) and ^ £ \t, z) (e = or i) as follows : 

\ (if £ = 0) 

^(r, z) = {X^'J? fi M 

{<P^)[t,z+±) (if e = i). 



We put 



F(r, z\,z 2 ) 



V(T) 3 .f(T, Zl + Z 2 ) 

/(t, Zi)f(r, z 2 ) 



= J2 u j v k q jk - u j v k q jk (1) 

j,k>0 j,k<0 

where u := e 2, ™ Zl and v := e 2jrîZ2 . The second equality in (Q) is the mock thêta 
identity (cf. § and g). For m E N and k G |Z, we put 

f m \ j/c 2-rri{j — k)z 

F ik ( T > z ) = Q™e m F(mr, -z + jr, z + kr), 



' j,k 
-<{ m )l 



jfc 2TTi(j~k)z ( 1 1 



G j,k ( T ' z ) = ? m e ^ Imr, -z + jr--, z + fcr + - 

Given a positive integer m, minimal séries représentations of level m of the 

N=2 superconformai algebra are parametrized by the set A 1 ^ := A^" 1 '^ U 
^(m;0) ; where 

A^to := NS (m ï := I (j, *)eQ+z) ; < j, k, j + k < ml 
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A (m;0) ._ R (m) ._ fe) e g2 . < j, j + fc < to and < À; < to} , 

and the character and super-character of the représentation corresponding to 
(J, h) g A( m ' E ï are given as follows : 

ch (m;£) frz) - G ^ )(r,Z) 
sch (m;£) frz) - F S ){T,Z) 

We define the action of S = ^ G SX(2, Z) on the linear span of 

characters and super-characters of level m by 

and put 

( j 2 ir(j+fc)(r + «) 

for (j, fe) and (r, s) G A^" 1 ). Then the transformation of (super-)characters under 
S is given in || as follows : 
Proposition 1.1. 

} ch^ ;è) if s = | 

• fc ls " i ^ -m if, = 0, 



sch U Is 



It is easy to see that 



E 


rr(m) 
„) W' fc )'( r ' 


(j,k)GNS(> 


E 


o( m ) 
„) ^'' fc )>( r > 




E 


c-(m) 

°0',fe),(ns) 




E 


çr(m) 

°0',fe),(r,s) 


(j,fe)Giî(™) 



if e = \ 

3chl"! ;0) if e = 0. 



çr(m) _ c,(m) /,,\ 

for ail u,v <E A^ m \ where "* " is the conjugation of A^ m '^ defined by 



(k,j) iffc^O 
(to — j, k) if fc = 0. 



We note that the modular transformation S satishes 



(chi m;E) |s)| 



-, (m;e) 

5 = chL 



3 



for ail u € A^ m ' e \ namely 

EÇi(m) o(m) _ r ( a\ 

J u,w J w,v — u u,v * 1,^7 

when both u and v belong to NS^ or both to R^ m \ 

2. Modified Verlinde's formula and fusion coeffi- 
cients. 

In this section we fix a positive integer to, and calculate the fusion algebra of 
level to. Let us consider the set 



(J ^ A (m;e) x A {m;e') x A (m;e")^ 



For (u,u',u") G F^ m ), we define the fusion coefficients N UtU r^ u » and iV"' u , as 
follows : 

r>(m) ç(m) ri(m) 

JV UjU /, u // .- ^ ( m ) ' W 

veNS 1 -™! (1/2, 1/2), « 



Q (m) ç(m) 

iV M,u' ' ^ ( m ) ■ W 

veNS( m ) (1/2, 1/2), « 

By (||), one has iV™ u / = N UiU t tU »*. In this section, we are going to prove the 
following : 

Theorem 2.1. Let (u,u',u" ) 6 F(™). Tien iV UjU /, u // is equai to 1 if m = (j, k), 
u' = (j' , k') and u" — (j" , k") satisfy either one of the following conditions (Fl) 
and (F2), and otherwise : 



(Fl) (j+f+j")-(k + k' + k") = 0, 

10" + *') - (i" + <j + k< (f + k') + (j" + k"), 

and 

U + k) + (f + k') + (j" + k") < 2m, 

(F2) (j + f + j") -{k + k 1 + k") = ±m 

and 

|(m - j' - k') - (m - j" - k")\ <m-j-k 
< (m - f - k') + (m - j" - k"). 

To prove this theorem, we consider the following summations : 
J(a,b) := e iaj e ibk , 



i,kei s. t. 

0<fc<m, 
-k<j<k, 
j+k=l mod 2 
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I(a, b) := J(a,b) + J(a,-b). 

for a positive integer m and complcx numbers a and b. The following lemma is 
an easy conséquence from the summation formula of a géométrie séries : 

Lemma 2.1. 



1) If e la = e ib = 1, J(a,6) = 

1') If e la = e lb = -1, J(o,6) 

2) If e w = 1 and e lb ^ 1, 



m 



(m - 1) 



2 

m(m — 1) 



J(a,b) = (l- TO ) î _ iS + (1 _ eîb)2 



2') If e w = -1 and e lb ^ -1, 

p ibm p ïb _i_ / i \m ibra 

J(a,b) = (-l) m (m - 1)- =- + ^ y . 

v ; v 7 v 7 1 + e' lb (1 + e* b ) 2 

3) In case when e ta ^ ±1, 

(i) if e*^ 6 ) = 1 and e^" 6 ) ^ 1, 

2 C gi(fc-a) _ e i(b-a)m 

J(a, b) — — — < m — 1 — 



(ii) if e^ 6 ) 7^ 1 and e^ " 6 ) = 1, 



J(a, b) = — — ^ ., , ,, h 1 — m > 

oia p—ia | ^ — p'i(a+o) j 



(iii) if e^+k) ^ 1 and e 4 ^ 6 ) ^ 1, 

^ f gi(a+6) _ gi(a+b)m gi(6— o) _ g i(fc— a)m 



J(a,6) 



From this, one has the following : 

Lemma 2.2. LctmeE and a,be ^Z. Thcn 

1) iîé a =e lb = 1, I(a,b)=m(m-1), 

1') ife ia = e ib = -l, I(a,b) = -m(m-l), 
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2) ife ia = 1 and e lb ^ 1, 

-m (if é bm = 1), 



I(a,b) = 



(if e i6ro = -1), 



2') if e ia = -1 and e lh ^ -1, 

m (if e i6m = (-l) m ), 



/(a, b) = 



l-m-(i^) (if e îbm = -(-l) m ). 



3) In case wiien e w 7^ ±1, 

(i) if e i{ - a+b "> = 1 and e^"- 6 ) ^ 1, 

^ _ e i(a-b)m ^ _|_ p î(a-ti) 



/(a, 6) 



(ii) if e^^ 6 ) ^ 1 and é {a -^ = 1, 

^ _ e i(a+b)m ^ , e «(a+fc) 



/(a, 6) 



^ _ gî( a + fc ) ' 



(iii) if e î ( a+b ' ^ 1 and e^"- 6 ) ^ 1, 



^ _ gi(a+6)m M _|_ gi(a+b) ^ _|_ g i(a-fc) 



/(a, 6) = — — <^ ^— tt- + 



^ _ gi(a+fc) ^ _ gi(a — fc) 



Now wc compute 



N u ,u',u" = N (j,k),(j',k'),(j",k") 



Since 



c(™) . ff (j+fc)(r+a) 
(j,fc),(r,s) SU! • 









-fc)(i— s) 


= e 






-k)(r-s) 


= e 






-k)( r -s) 



o( m ) o( m ) o( m ) 

D ( ] .k).Xr^ ) D U',k')^(r,s)' : '(j",k"),(r,s) 

^(1/2,1/2), (r,«) 



°(l/2,l/2), (r,s) 



j+fe-1 



E 

t=0 

i+k-: 

E 



e &(H-s)CH-k-i-2t) 



t=o 
j+fe-i 

f , i £{r+s)(-j-k+l+2t) 
t=0 



(7) 



G 



each summand in the right-hand side of (|7]) is written as follows 

r.(m) nr(m) q(m) 

°(3,k),(r,s)°U',k'),(r,s) °U",k"),(r,s) 



rr(m) 

D (l/2,l/2),(r, S ) 
1 o%(ti+3'+3")-(k+k'+k"))(r-a) 



2m 2 

■ j+k-i j+k-i 



y* e % (J+k+j'+k'+j"+k"-l-2t) (r+s) + y e %(-j-k+j'+k'+j"+k"+l+2t)(r+s) 
4=0 4=0 

j+k-l j+k-1 

_|_ e feCJ+k-J-fc'-j"-fc"-l-2t)(r+a) + y^ e ^(-j-fc-i'-fc'-j"'-fc"+l+2t)(r+s) 

4=0 t=0 

j+fe-1 

u" i i*U„ i „1 X — > iir f A 1,1 a> \ U „" t." 



^2 e ™ (j ' +fe+3 ' +fc '~ J ''~ fc ''~ 1 ~ 2t)(r+;i) -E e f*(-i-fc+j'+fe'-j"-fe"+l+2*)(r 

4=0 4=0 
■ffe— 1 j+fc- 
V" e ^(j+fc+j"+fe'+j"+fe"-l-24)(r+s)_y^ 



(j+fc+j'+fe'+j"+fe"-l-24)(r+s)_\^ e U(-j-fc-j'-fe'+j"+fe"+l+24)(r+s) 



4=0 4=0 



(8) 



For (r, s) € NS^- m \ we put p := r — s and ç := r + s. Thcn p and q are 
integers satisfying < q < m, —q<p<q and p + q = 1 mod2. So from ([7j) 
and (|^), the fusion coefficient ^(j,k),{j',k'),(j",k") is given in terms of /( , ) as 
follows : 



where 



N(j,k),(j',k'),(j",k") = 2^2^ Al -^2+^3+^4), f'M 



j+fe-i 

A 1 := V /(^(( J+ / + /')-(fc+fc , +fc")),-(j+fc+j'+fc'+j"+fc"-f-2i) 



4=0 
J + fe-1 



.4, 



A, := 



V /(-((j+i'+i'O-C^'+O), -(j+k-f-k'-j"-k"-i-2t)) 

4=0 
ffe-i 

z — ' \m m / 

4=0 

ffc-i 

E ^"(-((i+i'+i'O-^'+O), -(j+fc-j'-fc'+j"+fc"-i-2i)) 

z — ' V 774 m / 



4=0 



Since Ai — A2 and A3 = A4 by I(a,b) = /(a,— 6), the formula (|Ô|) is 
rewritten as 

N U,k),(f,k'),(j",k") = —2 (-^1 + ^3)- (10) 
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We note that both j + j' + j" and k + k' + k" are half of odd integers when 
(u,u',u") € FM, 

In case when (j + j' + j") — (k + k' + k") £ mZ, ail ternis in the right-hand 
sides of Ai ~ A4 are equal to by Lemma 2.2.3), giving N(j,k),(j',k'),(J",k") = 0- 
So we need only to consider the case when (j+j' +j") — (k + k' + k") G mZ. First 
assume that (j+j'+j") — (k + k' + k") G 2mZ, and look at A\. Then by Lemma 
2.2.1) and Lemma 2.2.2), one sees that Ai = —m(j + k) + m 2 if either or 2m is 
contained in the séquence j + k +j' + k'+j" + k" — 1 — 2t (t = 0, 1, ••• ,j + k—l) 
namely if - j - k + j' + k' + j" + k" < or j + k + j' + k' + j" + k" > 2m, and 
Ai = —m(j + k) otherwise. When (j + j' + j") — (k + k' + k") = ±m, we make 
use of Lemma 2.2.1') and Lemma 2.2.2'). Applying the same argument to ^3, 
one obtains the following : 

Lemma 2.3. 

1) In case when (j + j' + j") - (k + k' + k") G 2mZ ; 

if f + k' + j" +k" <j + k 
or j + k+j' + k' +j" + k" > 2m, 
otherwise, 

if j' + k' <j+k + j" + k" 
and j" + k" < j + k + j' + k' , 
otherwise. 

2) In case when (j + j' + j") - (k + k' + k") = ±m ; 

m 2 if -j-k+j' + k'+f + k" < m, 
otherwise, 

if j + k+ j' + k' - j" - k" < m 
and j + k - j' - k' + j" + k" < m, 
m 2 otherwise. 



Ai 



A 3 = 



-m(j + k) + m 2 

-m(j + k) 
-m(j + k) + m 2 

-m(j + k) 



Ai 



Ao = 



m(j + k) 
m(j + k) 

'm(j + k) 
m(j + k) 



Now Theorem 2.1 follows immediately from (|ÎÔ| ) and Lemma 2.3. We remark 
that the inequality 

(m — j — k) + (m — j — k') + (m — j — k") < 2m 

i-e-, 

j + k + j + k+ j" + k" > m 

holds automatically when (u,u',u") satisfies the condition (F2). 
We define the multiplication on the Z-span :j( m ) of A^ by 

u-u'= y, N C' u " ( n ) 

s. t. (u,«',u")eF (m) 
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for u, u' <E . Then the unitarity (0) implies that this multiplication is 
associative, and so Ç( m ) is an associative and commutative Z-algebra with the 
unit (|, |). 

3. Examples : fusion algebras when m=2, 3 and 
4. 

[I] The case m = 2 is quite simple since NS^ = |)} and R.M = {(1, 0)}. 
For simplicity, we put x := {\, \) and Xi := (1,0). Then Sxo,x a = S x 2 ] Xl = 1 
and so the fusion algebra #( 2 ) is isomorphic to Z/2Z with the multiplication 

X-i ■ Xj X-i+j mo d 2 ■ 

[II] The case m = 3; In this case, 

WS,3, = {(?5)4C)4{)} » d K ,3, = «l,0),(2,0),(l,l)}. 
We put 

xo:= [l>ï)> si:= (M)' ^^(i'i)' 

i 3 :=(l,0), 0:4:= (2,0), 3:5:= (1,1). 
Then the transformation matrix ( S x 3 ^ Xk ) is given by the following table : 





x 


CCI 


^2 


£3 


X4 


£5 


Xl 
X2 


V3 
3 

V3 
3 

V3 
3 


V3 
3 


V3 
3 


V3 

3 

-V3, ,2 
-S - U 


V3 
3 

V3, , 


V3 
3 

-V3 
3 

-V3 
3 



where u := = . From this the fusion algebra #( 3 ) is obtaincd as 

follows: 





x 


Xl 


X2 


X3 


X4 


x 5 




x 


Xl 


X2 


X3 


X4 


x 5 


Xl 


Xl 


X2 


Xo 


x 5 


X3 


X4 


£2 


X2 


x 


Xl 


X4 


x 5 


X3 


£3 


X3 


X5 


X4 


Xl 


xo 


X2 


X4 


X4 


X3 


£5 


Xo 


X2 


Xl 


x 5 


x 5 


X4 


X3 


X2 


Xl 


Xo 



Putting 

yo-=x , yi:=x 3 , y 2 :=xi, y 3 := x 5 , y 4 := x 2 , y 5 ■= x 4 , 
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one has yj ■ yk — yj+k mod 6 so that the fusion algebra is isomorphic to thc 
group algebra over the cyclic group Z/6Z of order 6. 



[III] The case m = 4; In this case, 

- ~) (~ ~) (~ ~) (~ ~ 

{(1,0), (2,0), (3,0), (1,1), (2,1), (1,2)}. 



NS W = 
= 

We put 



x := 

x 3 :- 
x 6 := 



1 1 

2' 2 
1 5 
2' 2 

(1,0), 



xi := 



X4 := 



x 9 := (1, 1), 
Then the transformation matrix (^si^ 



1 3 

2' 2 
5 1 
2' 2 
x 7 := (2,0), 
xio := (2,1), 

(4) 



x 2 := 

x 5 := 

xs : 
xn 



5 1 

2'2 



3 1 
2'2 
3 3 
2'2 
(3,0), 
(1,2) 



3 3 
2' 2 



is given by the following table : 





X 


Xl 


x 2 


X3 


X4 


X 5 


x 6 


X 7 


x 8 


X 9 


Xio 


Xn 


Xo 


V2 


1 


1 


V2 


V2 


V2 


V2 


1 


V2 


1 


V2 


^2 


4 


2 


2 


4 


4 


4 


4 


2 


4 


2 


4 


4 


Xl 


1 
2 












-1 
2 







è* 









x 2 


1 
2 










^< 


-1 
2 
















x 3 


\/2 








-V2 


V2 




1 


% 


-1 






4 






4 


4 


4 




2 




2 






X4 








-V2 


->/2 






1 




-1 






4 


à* 




4 


4 


4 


4 ' 


2 


4 1 


2 


4 f 


4 ' 


X 5 


V2 




-1 










-1 


V2 


-1 






4 


2 


2 


4 


4 


4 


4 


2 


4 


2 


4 


4 



where 6 := 



1+i 
V2 ■ 



From this the fusion algebra is obtained as follows: 





x 


Xl 


x 2 


x 3 


X4 


X5 


x 6 


x 7 


x 8 


Xg 


XlO 


Xll 


Xo 


xo 


Xl 


x 2 


X3 


X4 


X5 


X6 


x 7 


x 8 


Xg 


XlO 


Xll 


Xl 


Xl 


X 3 + X4 


xo + x 5 


x 2 


x 2 


Xl 


Xg 


X 6 + XlO 


x 7 


x 8 + Xn 


Xg 


x 7 


x 2 


x 2 


xo + x 5 


x 3 + x 4 


Xl 


Xl 


x 2 


x 7 


X 8 + Xn 


Xg 


x 6 + xio 


x 7 


Xg 


x 3 


x 3 


x 2 


Xl 


x 5 


x 


X4 


Xll 


Xg 


x 6 


x 7 


x 8 


XlO 


X4 


X4 


x 2 


Xl 


xo 


x 5 


x 3 


x 8 


Xg 


xio 


x 7 


Xn 


x 6 


X5 


X5 


Xl 


x 2 


X4 


X3 


Xo 


XlO 


x 7 


Xll 


Xg 


x 6 


x 8 


X 6 


X 6 


Xg 


x 7 


Xll 


x 8 


XlO 


x 3 


Xl 


x 


x 2 


X4 


x 5 


X 7 


X 7 


x 6 + xio 


x 8 + xn 


Xg 


Xg 


x 7 


Xl 


x + x 5 


x 2 


X 3 + X 4 


Xl 


x 2 


X 8 


X 8 


x 7 


Xg 


x 6 


XlO 


Xll 


Xo 


x 2 


X4 


Xl 


X 5 


x 3 


Xg 


Xg 


x 8 + xn 


x 6 + xio 


x 7 


x 7 


Xg 


x 2 


X 3 + X4 


Xl 


xo + x 5 


x 2 


Xl 


Xio 


Xio 


Xg 


x 7 


x 8 


Xll 


X6 


X4 


Xl 


X5 


x 2 


x 3 


Xo 


Xn 


xn 


x 7 


Xg 


XlO 


x 6 


x 8 


x 5 


x 2 


x 3 


Xl 


x 


X4 



One compares this fusion algebra g'' 4 ) with that of the affine algebra sl(2, C) 
of level 2 twisted by the cyclic group T — (|Z)/4Z given in pl|. They may 
somehow resemble each other at a glance, but are quite différent. 
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